In this article, we assume that the two quarks have unequal masses and calculate the nextto-leading order contributions to the spectral densities of the mesonic two-point correlation functions of the vector, axialvector, scalar and pseudoscalar currents. We take dimensional regularization to regularize both the ultraviolet and infrared divergences, and use optical theorem to obtain the spectral densities directly, furthermore, we present some necessary technical details for readers convenience. The analytical expressions are applicable in many phenomenological analysis besides the QCD sum rules.
Introduction
The QCD sum rules is a powerful theoretical tool in studying the ground state mesons [1, 2] , and has given many successful descriptions of the meson properties. In the case of the interpolating currents consist of quarks with equal masses or zero masses, the leading order and next-to-leading order perturbative contributions to the spectral densities of the mesonic two-point correlation functions are known [2, 3] . There are few works on the next-to-leading order perturbative contributions to the spectral densities of the interpolating currents for unequal quark masses, as the calculations are very difficult.
In Refs. [4, 5] , Reinders, Rubinstein and Yazaki calculate the next-to-leading order contributions to the spectral densities of the mesonic two-point correlation functions for the pseudoscalar and vector currents in the unequal mass case. Some technical details are presented in Ref. [2] . In the famous review (see Ref. [2] ), Reinders, Rubinstein and Yazaki illustrate how to use optical theorem to calculate the next-to-leading order contributions to spectral densities of the mesonic two-point correlation functions (for the scalar, pseudoscalar, vector and axialvector currents) directly, and regularize the divergences in the massive-gluon scheme. In Ref. [6] , Schilcher, Tran and Nasrallah also resort to the massive-gluon scheme to regularize the infrared divergence, and use optical theorem to calculate the next-to-leading order contributions to the longitudinal and transverse spectral densities of the mesonic two-point correlation functions directly for arbitrary conserved or non-conserved vector or axialvector currents of the massive quarks, and obtain analytical expressions. Although those works are all performed in the massive-gluon scheme, the resulting (infrared) divergent terms are different from each other, the expressions also different from each other.
In Ref. [7] , Generalis calculates the two-loop Feynman diagrams directly using the dimensional regularization, and obtain the next-to-leading order contributions to the mesonic two-point correlation functions for the vector and axialvector currents with unequal quark masses. We have to obtain the spectral densities through dispersion relation from the cumbersome expressions, it is a difficult work.
In this article, we resort to optical theorem (or Cutkosky's rule) to calculate the next-to-leading order contributions to the spectral densities of the mesonic two-point correlation functions for the scalar, pseudoscalar, vector and axialvector currents in the case of unequal quark masses. In calculations, we regularize both the ultraviolet and infrared divergences in the scheme of dimensional regularization, and present the necessary technical details for the readers convenience, i.e. one can check the calculations. There are two routines in application of optical theorem, we resort to the At the next-to-leading order, there are three Feynman diagrams contribute to the correlation functions, see Fig.1 . We calculate the imaginary parts (or the spectral densities) using the Cutkosky's rule or optical theorem, the two approaches lead to the same results, then use the dispersion relation to obtain the correlation functions. There are ten possible cuts, six cuts attribute to virtual gluon emissions, see Fig.2 , and four cuts attribute to real gluon emissions, see Fig.3 .
Contributions of the virtual gluon emissions
The six cuts shown in Fig.2 attribute to virtual gluon emissions and correspond to the self-energy corrections and vertex corrections, respectively. The first four cuts corresponding to one-loop fermion's self-energy corrections, we calculate the Feynman diagrams directly using the dimensional regularization and choose the on-shell renormalization scheme to subtract the divergences so as to implement the wave-function renormalization and mass renormalization. Then we can take into account all contributions come from the six cuts shown in Fig.2 by the following simple replacement for each vertex in the interpolating currents 2 ,
where
is the i quark's wave-function renormalization constant due to the self-energy correction, see Fig.4 , and
is the vertex correction after performing the Wick rotation, see Fig.5 . Here γ is the Euler constant, µ 2 is the renormalization scale, and the Euclidean momentum k E = (k 1 , k 2 , k 3 , k 4 ). In this article, we take the dimension D = 4−2ε UV = 4+2ε IR to regularize the ultraviolet and infrared divergences respectively, and add the renormalization scale factors µ 2εUV or µ −2εIR when necessary. In the limit m 1 = m 2 = m, the Γ µ can be reduced as
then the resulting expression is greatly simplified. We carry out the integral over the variables x, y and k E , and observe that the ultraviolet divergent terms 1 εUV in the Γ µ , δZ 1 and δZ 2 are canceled out with each other, which is a consequence of the Ward identity. The net contributions have no ultraviolet divergence, where
and s = p 2 , the V (s), V 00 (s) and V ij (s) with i, j = 0, 1, 2 are given explicitly in the appendix. Here we introduce the lower-indexes ± to denote the corresponding expressions of the vector (+) and axialvector (−) currents respectively. The infrared divergence 1 εIR comes from the wave-function renormalization constants Z i in Eq. (7), while the infrared divergence log
in Eq. (8) . The infrared divergent terms obtained in the present work are consistent with that obtained by Groote, Körner and Tuvike in Ref. [10] . If we regularize the infrared divergences with a supposed gluon mass m g in the quantum field theory, the infrared divergent terms appear as
εIR , where the Λ has a dimension of mass. So in the massive-gluon scheme, we expect that the infrared divergences m1m2 , respectively. In Ref. [2] , there only exists the infrared divergence log m 2 g m1m2 ; while in Ref. [6] , there exist the infrared divergences log m1m2 . In this article, we calculate the vertex corrections using the conventional Feynman parameters, while in Ref. [6] , Schilcher, Tran and Nasrallah calculate the vertex corrections using optical theorem and dispersion relation.
The total contributions of the virtual gluon emissions (see Fig.2 ) to imaginary parts of the correlation functions can be expressed in the following form, In this article, the up-indexes V and R denote the contributions come from the virtual and real gluon emissions respectively. We carry out the integrals in Eq.(13) directly in D = 4 + 2ε IR dimension as there is no ultraviolet divergence, and obtain the following results,
where we have used the γ 5 symmetry of the interpolating currents to obtain the spectral densities
Contributions of the real gluon emissions
The four cuts shown in Fig.3 correspond to real gluon emissions. The scattering amplitudes for the real gluon emissions are shown explicitly in Fig.6 . From Fig.6 , we can write down the scattering amplitude T a µα (p),
where λ a is the Gell-Mann matrix. Then we obtain the corresponding contributions ImΠ R V (s) and ImΠ R S (s) to the imaginary parts of the correlation function with optical theorem,
where we have used the identities u(p 1 )ū(p 1 ) = p 1 + m 1 and v(p 2 )v(p 2 ) = p 2 − m 2 for the particle and antiparticle respectively, and take the notation K 2 = (p 1 + p 2 ) 2 . We carry out the integrals in Eqs.(17-18) in D = 4 + 2ε IR dimension as there is only infrared divergence, and obtain the contributions of the real gluon emissions (see Fig.3 ) to spectral densities, Figure 6 : The amplitudes for the real gluon emissions.
the expressions of the R 11 (s), R 22 (s), R 12 (s), R 1 12 (s) and R 2 12 (s) are given explicitly in the appendix. We have used the γ 5 symmetry of the interpolating currents to obtain the spectral densities 
Analytical expressions of the total contributions
We add the contributions of the virtual and real gluon emissions together, and obtain the total perturbative spectral densities at the next-to-leading order,
The infrared divergences
εIR from the virtual and real gluon emissions are canceled out with each other, which is guaranteed by the Lee-Nauenberg theorem [11] . The spectral densities at the next-to-leading order do not have renormalization scale dependence, although the strong coupling constant α s (µ) is energy scale dependent quantity. In the appendix, we present some necessary technical details for readers convenience, one can follow the necessary steps to check the calculations if one does not feel confident with the final expressions.
We compare the spectral densities of the order O(α s ) numerically to other results in Refs. [9, 10] by taking the energy scale µ = 5 GeV, pole masses m 1 = m b = 4.8 GeV, m 2 = m c = 1.5 GeV, and observe that there are differences that cannot be neglected. We can use the present expressions to study the masses and decay constants of the scalar, pseudoscalar, vector and axialvector B c mesons with the QCD sum rules in a systematic way.
Conclusion
In this article, we calculate the next-to-leading order perturbative contributions to the spectral densities of the mesonic two-point correlation functions of the vector, axialvector, scalar and pseudoscalar currents. In calculations, we assume that the quarks have unequal masses and use optical theorem to obtain the spectral densities directly, furthermore, we take the scheme of the dimensional regularization to regularize both the ultraviolet and infrared divergences. The ultraviolet and infrared divergent terms are canceled out with each other separately, the net spectral densities are free of divergences. The analytical expressions are applicable in many phenomenological analysis besides the QCD sum rules.
Firstly, we write down the fundamental integrals in calculating the vertex corrections,
and carry out the integrals to obtain the following analytical expressions,
Secondly, we take the notation
for simplicity, and write down the analytical expressions of the three-body phase-space integrals, 
wheres = s − (m 1 − m 2 ) 2 . In the following, we present some necessary technical details in calculating the integrals for both the virtual and real gluon emissions, one can check the calculations; here we smear the lower index IR in ε IR for simplicity. 
